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Hybrid Approach to Near-Optimal Launch Vehicle Guidance

Martin S. K. Leung* and Anthony J. Calise’
Georgia Institute of Technology, Atlanta, Georgia 30332

This paper evaluates a proposed hybrid analytic/numerical approach to launch vehicle guidance for ascent to
orbit injection. The feedback guidance approach is based on a piecewise nearly analytic solution evaluated using
a collocation method. Each piece of the solution obeys a bilinear tangent law for the thrust-vector angle, which
serves as an intelligent interpolating function for the collocation method. The zero-order solution is then improved
through a regular perturbation analysis, wherein the neglected dynamics are accounted for in the first-order
term. For real-time implementation, the guidance approach requires solving a set of small dimension nonlinear
algebraic equations and performing quadrature. Assessment of performance and reliability are carried out through
closed-loop simulation for a vertically launched two-stage heavy-lift capacity vehicle to a low-Earth transfer orbit.
The solutions are compared with optimal solutions generated from a multiple shooting code. In the example the
guidance approach delivers near-optimal performance and accurately satisfies the terminal constraints. The control
computation is completed in tenths of a second on a SPARCstation 1. Wind shear effects and control constraints

are also addressed.

Introduction

RADITIONAL launch vehicle guidance may involve either two

or three different phases.!~3 The first is an open-loop guidance
phase for the atmospheric portion of flight, which typically flies with
a nonoptimal piecewise linear attitude control program. The second
is a closed-loop guidance phase for the exoatmospheric portion of
flight.> This has an analytic solution under certain assumptions.
Then a third closed-loop phase may be required when the vehicle
is approaching orbital conditions for final precision orbit injection.!
Though the guidance approaches for the exoatmospheric phases
are efficient and reliable, the use of open-loop guidance for the
atmospheric flight phase has been a cause of costly launch delays.
This occurs when the actual wind profile differs significantly from
the mean profile used in computing the attitude control program.
The desire to reduce or eliminate this source of launch delay has led
to arenewed interest in developing a closed-loop guidance approach
for the atmospheric flight phase.

Numerical approaches to optimal guidance typically employ
either nonlinear programming*~% or multiple shooting.” To be useful
as a feedback guidance solution, it is essential that these approaches
converge quickly and reliably at each instant when the solution is up-
dated during the flight. At the other end of the spectrum lie analytic
approaches that attempt to correct the exoatmospheric guidance so-
lution by a regular perturbation approach.®®> The viewpoint taken
here is that the atmospheric effects (in addition to spherical and ro-
tating Earth effects) act as perturbations from a zero-order model
whose solution obeys the well-known bilinear tangent guidance law.
A quadrature is required to correct the zero-order solution for these
perturbing effects. Unfortunately, numerical experience with this
approach has revealed that the atmospheric effects are too large to
be neglected in the zero-order solution.!

In this paper we combine the numerical method of colloca-
tion®11-16 with the regular perturbation approach developed in Ref.
8. The objective is to account for the atmospheric effects in the zero-
order solution. When compared with the use of collocation alone,
the hybrid approach greatly reduces the number of simultaneous al-
gebraic equations that have to be solved at each control update and
therefore should be more suitable for real-time applications than a
purely numerical approach. A second advantage is that the bilinear
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tangent law is preserved, and therefore a single form of guidance is
employed over the entire trajectory. A first-order correction is com-
puted to correct the solution for spherical Earth effects. Although
not considered in this paper, the analysis can readily be extended to
include rotating Earth effects as well.

We begin with a brief outline of the hybrid approach, which has
been detailed and illustrated by simple examples in Ref. 12. Next
we illustrate how the hybrid approach applies to the launch vehicle
ascent trajectory guidance problem, including first-order correction
for neglected dynamics. Finally, numerical results are presented that
evaluate the efficiency and accuracy of the hybrid approach.

Summary of the Hybrid Approach
This section summarizes the main results from Ref. 12, which
presents a detailed explanation on how to combine the methods of
regular perturbation analysis and collocation for numerical solution
of optimal control problems.

Regular Perturbation Analysis

The optimal control problem formulation considered here is to
maximize a performance index that is a function of the terminal
states and time, subject to nonlinear dynamic constraints:

J =muax{¢(xvt)}ltf (1)
i=flx,u,t)+eglx,u,t); x(to) = xo
)]
t € [t, tf]
and the terminal time constraints ;[x(t,)] =0,i =1,...,p <n.

In Eq. (2), x is an n-dimensional state vector, u is an m-dimensional
control vector, and ¢ is an expansion parameter. The final time is

open. Hence, the necessary conditions for optimality are

h=—Hs M) = ?)
H, =\ (fu+e8,)=0 @
H =" (f +¢g); Hip) = -,
®)
P=¢+viy

In a regular perturbation analysis, the objective is to approximate
the solution to Egs. (2-5) by an asymptotic series of the form (e) =
()o + (@)1 + (8)26% + . .., where (e) denotes all of the variables
(x,A,u,v,and T =ty — 1) that depend on ¢.
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Zero-Order Problem
It is shown in Ref. 12 that the necessary conditions for the zero-
order problem can be expressed as

Do _ 0 ) Ylxolo + T)1 =0 (6)
—_— = ———; = X , Xi =
Bt BAO AR)] 0 LA 0
A 9 H, " P (xo,
o _ . b=ty = 22000 ™
at aX() axO =i +To
dH,
g 0 ®)
Hy = )vgf(xo, Uo, f)
. 3D (xp, F ®
Hy(t=1%+Tp) = _Lf_)
at f=19+Tp

The subscript 0 denotes the zero-order values, T = t7 — fp, f—ty=
(t —1%)Ty/ T, and Ty is the zero-order approximation for 7.

Higher-Order Problems
All of the higher-order corrections obey the following time-
varying, linear, nonhomogeneous equations:

d x| _ [ Auxo, 20, To) An(xo, Ao, To) || %k
df | A A1 (x0, Ao, To)  Ana(xo, Ao, To) || Ak
Tie | Ci(x0, X0, To)
To | Ca(x0, Ao, To)

Py (xo, 20, To, - . -, Xk~15 Ag—t> Tie1)
Poy(x0, o, To, -+ vy Xie1, i1y Tom1)

feltoto+ Tol (10

for appropriate boundary and transversality conditions obtained by
expansion of the boundary and transversality conditions of the origi-
nal problem, where k denotes the order of the correction. The various
A, C, and P in Eq. (10) are defined in Eqgs. (14) and (15) of Ref. 12.
Note that the various A and C depend only on the zero-order solu-
tion and that fefty, fo + Tp] so that the higher-order solution terms
are defined over the same time interval as the zero-order solution.
The solution can be expressed as

w@®] . [ % . T
[Ak(f)] = QA(t,tO)I:Ak(tO)] + 70‘/!; QA(t,T)[CZ]dt

d . Py
+/ QA(t,t)I:PZk]dt an

where Q, is the state transition matrix for the linear system in Eq.
(10). Using the previous expression at f = # + Tp along with the
expansions of the boundary and transversality conditions, the solu-
tion for A (%), v, and Ty is obtained from a set of linear algebraic
equations. The major part of the computation for the higher-order
terms lies in the quadrature that must be performed in Eq. (11).

After forming the series expansion for x (£ ) and A(f ) to any order,
an open-loop approximation for x(¢) and A(t) may be constructed
by using the definition for f with T obtained from its series expan-
sion (using the computed values of 7;). This in effect stretches (or
shrinks) the response (as viewed on the f time scale) so that it varies
over the interval t&(ty, T].

Implementation for Closed-Loop Guidance

If the solution process is terminated at, say, k = 1, then a real-
time sampled data implementation of the control solution would
be constructed as follows. For the original system in Eq. (2), an
expression for the optimal control is obtained as a function of x and
A from the optimality condition in Eq. (4). Then, treating the present
state as the initial state, a first-order approximation is obtained by

using Ao(%) + €A1 (f) as an approximation for A(f) to compute the
control, where Aq(#y) and XA, (#y) are obtained from the solutions of
the zero necessary conditions and Eq. (10) for £ = 1. This process
is repeated at the next control update time by regarding the value of
the state as the new initial state.

If the current state is regarded as the initial state, then x; (f) = 0
in Eq. (11) since xp(tp) satisfies the initial condition on the state
variable. Since the zero-order solution changes at each update of the
initial state, it is necessary to repeat the quadrature at each update
for the higher-order corrections. Alternatively, we can fix the zero-
order solution and treat x; (fy) as the deviation between the current
state and the zero-order solution computed for the original epoch
time but evaluated at the present time. In this form it-would also be
possible to precompute the quadrature and store it as a function of a
monotonic variable along the trajectory. Thus the real-time process
of solving the zero-order problem and the quadrature can be avoided.

Method of Collocation

Collocation is a method for constructing an approximate solution
to a set of differential equations by segmenting the time interval and
representing the solution by piecewise polynomials or other sim-
ple analytic interpolating functions. The unknown coefficients of
the interpolating functions within each segment are determined by
enforcing continuity at the nodes, and the time derivatives of the
interpolating functions satisfy the differential equations at specified
points within each segment. In this section we consider an optimiza-
tion problem with unperturbed dynamics dx/dt = f(x, u,¢) and
Hamiltonian H = A” f. For simplicity of exposition, assume first-
order polynomial interpolation, where the derivative constraints are
enforced at the midpoint of each segment. These constraints can be
expressed as

o Xj—Xj-1 _ oH
A A 7Y N
f PG/ 2= 1)/ 2A=00 A j_ /2
(12)
A — A 3H
gi= "% ==
tj —tj-1 dx F=(F 4 1)/ 2x=@j+xj1)/2:A=Rj+Xj_1}/2

13

x(F) = xjo1 + i@ = Fi-); j=L..,N (4

AME) =21+ q;(F —51); telt_1,t] 1)
fo = to; iv=0+T
where N is the number of segments. The control is assumed to have
been eliminated using the optimality condition in Eq. (4).

A regular perturbation formulation may be introduced by rewrit-
ing the actual dynamics in the following form:

ﬁ=Pj+8(H;L-—Pj) (16)
A=gq;+e(—H; —gq;) (17
H,=0; Felfj i) (18)

Note that & has been artificially introduced as a bookkeeping pa-
rameter for the perturbation analysis and has a nominal value of 1.0.
The justification for this step is that if the collocation solution alone
accurately approximates the true solution, then the second terms in
Egs. (16) and (17) may be regarded as having a small perturbing
effect on the state and costate derivatives, which is actually zero
at the midpoints of the segments. Once the control is eliminated
using Eq. (18), then we have a two-point boundary-value problem
defined by Egs. (16) and (17), whose solution we seek by regu-
lar expansion. The zero-order solution is obtained numerically by
collocation with linear interpolation in each segment. The higher-
order corrections when performed provide an improvement to the
collocation solution without increasing the number of nodes, thus
providing a hybrid approach.
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If the control cannot be eliminated explicitly by using Eq. (18),
then an analytic portion I1(u, x, A) of the optimality condition (for
which it is possible to eliminate u) can be extracted, by expressing
the optimality condition as

0=II+¢&(H, —II) 19)

Then, in the zero-order problem, IT = 0 is used to eliminate the
control. This approach was used in the launch vehicle application
treated in the following section. The various A, C, and P of the
linear differential equations for firsi- and higher-order corrections
of the collocation solution, which correspond to Eq. (10), are given
in Egs. (24) and (25) of Ref. 12.

In practice it is advantageous to select interpolating functions
that are more complex than the simple first-order forms in Egs.
(12-15). In the next section we incorporate the approach in Ref.
12 of utilizing the analytically tractable portion of the necessary
conditions to define the interpolating functions for a launch vehicle
guidance problem. This amounts to employing a bilinear tangent
law, whose linear version is optimal under the assumptions of a flat,
nonrotating Earth and zero atmospheric forces.”

Launch Vehicle Ascent Trajectory Guidance

The guidance problem is to find the thrust-vector angle program
for maximizing payload. For illustrative purposes we assume a two-
stage rocket vehicle with specified staging time f; and a specified
stage mass m; after first-stage jettison. The trajectory is assumed to
have no coasting flight.

Using a point mass model about a nonrotating spherical Earth in
a nonstationary atmosphere, the equations of planar motion in the
rectangular coordinates shown in Fig. 1 are

= —T2/lgelg1 = —k®;

e m(fp) = my

m(tsy) = m
v =[TPsin0 — DPsiny + LP cosyl/m — w./r> + u?/r
v(f) = vy

= [TYcos® — DY cosy — LV siny]/m —uv/r

u(to) = uo
F=v; r(ty) =rp
$=ulr;  $t) =0 (20)
where
ge = He/T*

LO =gSOCP M, a); D® =gSOCPM, o)
70 =78 - pa?

q=pV?2 V=1/(v—w)+ U —wy)?
M=V/c
a=60-y; y =tan~ (v — w,)/( —wp)]  (21)

In Egs. (21), w, and w, are the wind velocity components, V is
the total airspeed, and c is the speed of sound. The superscript (i)
indicates different stage values. The state variables v and u are the
local vertical and horizontal velocity components, respectively, r
is magnitude of the radial vector measured from the center of the
Earth (r, = 6.378 x 10° m), ¢ is the downrange angle, and m is
the vehicle mass. The control variable is 8, the thrust-vector angle
measured from the local horizon. The Earth’s gravitational constant
is 1£.(3.9906 x 10'* m*s~2), k is the stagewise constant fuel mass
rate, T, is the vacuum thrust, p(p) is the atmospheric pressure
(density), and A, is the engine nozzle exit area. The wind has com-
ponents of w, and w; in the local vertical and horizontal directions.
The remaining variables are standard notation as used in flight me-
chanics. The aerodynamic coefficients are in general functions of
Mach number and angle of attack. The atmospheric model for p, p,
and c is based on the 1975 U.S. Standard Atmosphere.'® Spline fits

Fig. 1 Launch vehicle rectangular coordinate system.

are used to interpolate the aerodynamic coefficients and the standard
atmospheric properties.

Before proceeding, we will simplify the problem formulation.
Since the dynamics and performance index are independent of ¢,
and the final downrange angle is open, its dynamics can be treated
separately. Also we will eliminate the mass state using

mg — kOt — rp); h<t<t 22
ms— k@@ —t5);  ts<t <t

m(t) = {

The equivalent performance objective is to maximize —¢;.

Hybrid Formulation

As discussed earlier, it is possible to improve a collocation so-
lution by using more intelligent interpolating functions than the
first-order representations in Eqgs. (14) and (15). The interpolating
functions can be derived from analysis of the analytically tractable
portions in the necessary conditions. In this case if spherical Earth
and atmospheric effects are neglected, then a linear tangent law guid-
ance solution results.® However, the costate dynamics are poorly
represented as either constant or zero. Hence, the strategy is to retain
the state dynamics approximation and use the collocation method to
improve the representation of the costates (cf. level 2 formulation in
Ref. 12). This also reduces the number of unknowns by half. Thus,
instead of using Eqgs. (12) and (13) to interpolate both the states
and costates, only the latter were chosen. The perturbed collocation
formulation in Egs. (16) and (17) becomes

. TQ - pPAD =)

= o sinf — g

+ (5® — plA® sing — DO siny + LO cosy
m(t)

2
iy Me U
+g,ﬁ’)—r—;+7}

_T9- 5049

¢ cosf — g
e cos 2!
p® — plAD cos§ — DD cosy + L@ si
+e [p" — plA, 4 in y 23)
m(t)
_qy  uv
+g§)—7}
F=v
. aH ,
A-vzqvj'i'g(——a'{)"‘qvj); j=1,...,.N
Ay = +a< OH )
u = Quj o quj
o)
y=qr; +e{l—— —q,;
ri or @i

9
55 i hutt +2,7) =0
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where
T3 — pAP1sind — DPsiny + LYcosy  p.
H Av ‘ac
m(t) e
[T — pAD]cosd — DD cosy — LD siny
m(t)
}H v H(y) =1 (24)
P

The terms 5@, ¥, and g9 are approximations for the average
values of the nozzle back pressure and the spherical acceleration
components for each flight stage.

In the following we make use of the analytic portion of the
optimality condition in Eq. (23) to generate the zero-order con-
trol. This is done by using the form in Eq. (19), with IT de-
fined by excluding the aerodynamic and back pressure com-
ponent of thrust in H. This amounts to regarding the depen-
dence of aerodynamic forces on 6 as a perturbation of the op-
timality condition, which results in the familiar bilinear tangent
law

Avoj-1 + qui (¢ — tj-1)
Auoj-1+ qui(t —tj-1)

tan 6y () = 25)

Zero-Order Solution

With the previous formulation and using the expression in Eq.
(25) to eliminate the control, the zero-order solution (¢ = 0) can be
expressed as

FD
vo(t) = voltj—1) + ®
0]
; + A -1 -1 i
X { ———sinh™'[tan(p + 1)] — sinh™" (tan )
{ V1+ A o(tji-1)
— (=108 relto, ]
FE
uo(t) = uo(tj—1) + — o
0]
1+A8 | .1
X § ————sinh™ [tan(p + n)] — & sinh™" (tan @)
{ V14 A? olti—1)
—(t = 1;)EY (26)
FDC
ro(t) = ro(tj—y) — TOA

X ((A —tan (p){ % sinh~![tan(p + 1)]
()
— sinh™!(tan (p)] — sec — ¢ sinh™(tan (p))

o(tj-1)

-t —ti-1
[Uo(t, -8 ()T

](l‘ —tji—1) — G(tj_1)

Ao (@) = Aygje1 + qu; (t — tj-1)
Au(®) = Ayoj—1 + qui(t —ti_1)
A-rO(t) = A'r()j—~1 + qrj(t - tj—l)

where
A= Jay+ak; B = (e + Cudu)/ A
C=./c¢+c2— B D =gq,/A
E = (cuA — qu; B)/(AC); F=T8 - p®A®
€y = Awoj-1 = Gujtj-1; Cu = Ayoj—1 — qujtj-1
e =m® +k91;_, £ =q.;/(EA)
=[cnA +k9BI/KV/C; ¢ = (cvA — 44 B)/(9;C)
At + B tan~'(1/A), A >0
o(t) = tan™! ( ); = [ B
7 +tan"1(1/A), A <0
Gl =T {j—%—% sinh™[tan(p + )]

— sinh™!(tan (p)} @n

otj—1)

The previous expressions constitute a set of nonlinear interpolating
functions, and the zero-order solution is now expressed in terms
of the unknown nodal values for the costates. To evaluate these
nodal values, the collocation constraints in Eq. (13) are employed:

Avoj = Avoj-1 _ OH

qvj T em————e =
tj—tji1 OV | bty /2=t +ha /2
Au0=Ru0j +ru0j—1)/2:Ar0=(Ar0j +rr0j-1)/2
(28)
i = Auoj — Muoj-1 _ OH
W= T T T T T T e,
=11 O | 153/ 5300= G0y 02
29
_ Aj — A1 OH
= e T
;N t=(tj+4-1)/2; . hro=Crr0j +Ar0j-1)/2

30

Since more control activity is expected in the atmospheric phase
of flight, a denser segmentation is recommended for the first-stage
flight, whereas a one-piece segment is sufficient for the subsequent
more nearly exoatmospheric second-stage flight.

First-Order Solution
The linear differential equation satisfied by the first-order terms
has the following form:

vy
Uy
dln
dr )‘vl
A'ul
A~r1
0 0 0 QA1aj asj 07
0 0 0 (115j 025]- 0
1 0 0 0 0 0
= 0qy; dqyj 9qy; 9guj 9qy; Aqy; dqyj
B ax.f+fl ] ax,f"'fz - -1

Oqy;  dqu;  Bquj  dquj aq.q Oquj Bq..,
ER u ar Dy +f1 D + f25

%r;  dg;;  dgy; gy 3g,; 3‘17
KR
[ v, () p1;(t)

Uy T 25 () D2 (t)

n 1 vo(t) 0

= ;o rtelyg,ty
X )‘-vl + T() 9vj + p4j(t) [J ! ]]
L)"ul Quj ps;(t)

A rj pﬁ(t)

1 qrj 3] 31)
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Complete expressions are given in the Appendix. Since the first-
stage flight time is assumed to be fixed, 77 = O for the dynamics
describing t < ¢,, and the second term in Eq. (31) is discarded for
the segments corresponding to this time interval.

Experience has shown that higher-order perturbation corrections
are not sensitive to using an exact state transition matrix. This be-
havior is analogous to the practice of using an approximate Jacobian
to solve nonlinear algebraic equations. Therefore, we introduced the
following approximation to simplify the analysis. The 3x5 lower
left corner block of the system matrix in Eq. (31) represents the ef-
fects that second-order variations of the atmospheric terms have on
the costate variables. By neglecting these terms we are able to derive
an approximate state transition matrix for the first-order system:

QP (1,12 =

u 1 @) @) @ 7

0 0 oy oF o
(i) @) @)
0 L 0 oy wy @
() @) @)
Pt 01 oy, @ o3 |0 refty,g)
0 00 1 0 ti1—t
0 00 O 1 0
L 0 00 0 © 1]
(32)

The Appendix details the @ terms in Eq. (32). The lower right-hand
block in-Eq. (32) accounts for spherical Earth effects on the costate
solution, neglected in the zero-order solution. As will be shown in
the numerical results section, this is an important correction for the
exoatmospheric phase of flight.

By successively applying Eq. (11) N times, the first-order pertur-
bations at ty (the zero-order final time) are given by

x1(tn)
|:)»1(1N)] = fo:, (tv, tN—l)Qg:,_l (v_1,ty-2) -+ QSI) (1, %0)
x1(%) w | 2@
x[ ]+/ Q0 v Oy —|
A (to) o1 Ty C2N (1)
P(z)(f) Jj=N-1
o | AT Y QD vt Q) G 1)
PzN () j=1
Z P ()
x | oWq,o| Y dr (33)
‘/;_1 A;\j PZ(;)(T)

Advanced Launch System Application

This application considers a generic model for an advanced launch
system (ALS). It has an asymmetric configuration, with the booster
mounted atop the main body as illustrated in Fig. 1. The aerody-
namic coefficients were taken from Ref. 14 and interpolated with
bicubic splines as functions of Mach number and angle of attack. Be-
cause of the asymmetric configuration, a shadowing effect is created
by the booster above the sonic speed. This results in a nonconvex
dependence of Cp, on angle of attack, as illustrated in Fig. 2.

0.95
M=1.2)
0.88
M=1.5]
D o !
M=2.q
0.68 Ms2.9
M3
0.55 ; r v T
3 0 3 6 9 12

alpha (deg)
Fig.2 ALS first-state Cp profile.

The boundary conditions on the state variables simulate a vertical
launch to direct injection at the perigee of an 80 x 150 n.mi, elliptical
transfer orbit: tp = 15 s, vy = 64.49 ms™!, up = 0.56 ms™!, hy =
400 m, vy = 0, uy = 7858.2ms™!, and h; = 148, 160 m. The
physical parameters of the vehicle are given in Table 1. The staging
time f, is 158.5 s. Other parameters chosen for this problem are

P = pho)/2;

p-(l) =0;

&) = e/ 1§ — ui/ro; g =0
2= =0 34

These parameters are updated when generating the feedback control
that is done at every second. The terminal boundary and transver-
sality conditions in this case are

v(ty) = vy;
h(tf) = hf;

M= (35)
Q¥ + Ayt + A7), =1

The total number of unknowns to be solved in the zero-order
problem is 3N -+ 4. These are q,;, q.j, and g,; for j =1,..., N,
the final time ¢y, and the costate values at the final time. Open-loop
solutions in a stationary atmosphere for several increasing values of
N are given in Figs. 3-6. The segmentation is N — 1 segments for the
first-stage flight and one segment for the second-stage flight. Zero-
order results use only the regular perturbation approach as given in
Ref. 8. Significant improvements are observed in the costate profiles
(Figs. 4-6) with the hybrid approach since the aerodynamic effects
are partially accounted for in the zero-order formulation. This is due
to the midpoint constraints in Egs. (28-30). In particular, note from
Figs. 4-6 that the zero-order solution of Ref. 8 (which amounts to
ignoring aerodynamic effects and invoking a flat, nonrotating Earth
approximation) results in A, and A, being constant and A, being lin-
ear in time, which from Eq. (25) gives the well-known linear tangent

Table1 ALS vehicle physical data

First stage Second stage

mo; ms, kg 1,523,400 546,600
Tvac, N 25,813,000 7,744,000
I, s 430 430
S, m? 131.34 65.67
A, m? 37.51 11.25
N=1 (Ref. 8)
E
F—
400
Time (s)
Fig.3 Open-loop altitude profiles.
0.060-
N=1 {Re. 8)

3 '\ ----------- N=3 (251)
E T N=5 (4:1)
';“ 00451 _:l“ a optimal
T o.030
L]
©
F-)
£
: 0.015

0.00¢

Time (s)

Fig. 4 Open-loop vertical velocity costate profiles.
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Fig. 5 Open-loop horizontal velocity costate profiles.

1.50-
N=1 (Ret. 8)
- v e N=3 (2;1)
g ““ ______ N-§(4:1)
~ 100+ 21 * opine
A..\
- ..\‘
X \
- L
£
& 500+
= 4
by
kL Y
Y )
.
0,004 T y y
v 1% 200 300 400
Time (s)

Fig. 6 Open-loop altitude costate profiles.
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Fig.7 Closed-loop altitude profiles.
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Fig. 8 Closed-loop airspeed profiles.

steering law. This largely accounts for the failure of the regular per-
turbation method when aerodynamic effects are included. !
Figures 7-11 show the closed-loop results for the state variables
expressed in wind frame coordinates. The total number of segments
used in this case is N = 8. Note in Fig. 10 that jumps in angle of
attack occur at about M = 1.3 ( = 64 s)and M = 2.3 (t = 91s).
These are due to the nonconvex Cp, profile that gives rise to noncon-
vexity in the Hamiltonian. In this case it is possible to rule out the
possibility of a chattering arc.!” There is another third small jump at
the staging time due to the discontinuous dynamics. Figure 10 also
shows a major difference between the zero- and first-order solution
for o during the end of the second-stage flight, which is due to the
absence of the spherical Earth corrections in the zero-order solution.
Even though a large difference exists between the two solutions, the
trajectory and the performance index stay very close and imply that
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Fig.9 Closed-loop flight-path angle profiles.
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Fig. 10 Closed-loop angle of attack profiles.
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Fig. 11 Aerodynamic to propulsive force ratios.

the optimal result is not sensitive to control variations. However, the
example reveals that the aerodynamic forces have a significant effect
in the middle portion of the first-stage ascent. This is illustrated in
Fig. 11, which shows the ratios of the lift and drag forces to the corre-
sponding thrust components. This explains why the regular perturba-
tion analysis in Ref. 8 was not able to correct for the effect of aerody-
namic forces in the first-order analysis. These forces are simply too
large to be treated as perturbations, and consequently the calculated
first-order correction diverged.'® Use of the collocation method in
forming a zero-order solution largely accounts for the aerodynamic
effect through the midsegment constraints in Egs. (28-30).

Remarks on the Numerical Results

The results show a high level of fidelity and justify the approxima-
tion we introduced to obtain the state transition matrix in Eq. (32).
In particular, the first-order solution shows significant improvement
by correcting for spherical Earth effects, as illustrated in Fig. 10. In
this case the zero-order solution failed to anticipate the sharp change
inthe radial acceleration as the orbital condition is approached, even
using a continuously updated guess of g,. This results in an excessive
pull-up of the vehicle during the initial portion of the second-stage
flight, which is later corrected by a large negative « profile to meet
the terminal conditions. However, both zero- and first-order results
give extremely good orbit injection accuracy without requiring a
high rate of control update.

The computations for the cases presented here were done on
a SPARCstation 1. The maximum CPU time needed for a con-
trol update was 0.65 s for the eight-segment solution. The Newton
method with Broyden’s update of the Jacobian'® used in the zero-
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order collocation evaluation converged typically in four iterations.
Computation time could likely be further enhanced by using sparse
Broyden update techniques.'® It is apparent from the numerical re-
sults that the first-order correction is needed mainly to correct for
spherical Earth effects that are dominant only in the second stage
of flight. Therefore a significant additional savings in computation
time would have resulted had we computed this correction only for
that phase.

Conclusions

A hybrid approach to launch vehicle ascent guidance using a
combined analytic/numerical approach employing perturbation and
collocation techniques has been demonstrated for a significant ap-
plication. The feedback approach is to first solve the zero-order
costate approximates formulated by a collocation method and then
obtain first-order corrections by regular perturbation analysis. By
employing intelligent interpolating functions that are derived from
the necessary conditions, the collocation solution can be obtained
using a small number of segments. Thus, many of the shortcomings
of purely analytical and purely numerical approaches are dimin-
ished, which has important implications for real-time guidance. For
launch vehicle guidance, the approach extends the bilinear tangent
law so that it can be used for both atmospheric and exoatmospheric
flight phases, including final precision orbit injection. The resulting
solution may be interpreted as one in which the parameters of the
steering law are adjusted for each segment of the trajectory as the
vehicle passes through the atmosphere.

Appendix
The following are the expressions for Eq. (31):
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The remaining partial derivatives (dq,;/dv, dq,;/du, ...) are simi-
lar to the last three expressions in Eq. (Al).

The approximate state transition matrix in Eq. (32) can be
obtained by taking the partial derivatives of the analytic zero-
order solution in Eq. (26) with respect to the initial con-
ditions [vg(#;-1), uo(tj—1), ro(tj—1)s Awoltj-1), Auo(ti-1), Aro(tj—1)].
So we have

v (t) vy (1) Ive(t) dve(t)
w14 = = 5 w15 = =
o0 (ti—1) dc, Ao (1) dcy
o O dw®) _ Qo) _ duoe(o)
T o) 94y Molti)  dc,
duo(t) dug(1) duo(t) duo(1)
s = = ; W = = —
aA-uO(tj—l) 8Cu aA'r()(tj—l) aqvj
aro(t) aro(t) are(t) ary(r)
W34 = = 5 w35 = =
8)"v0(tj—l) acv aAuO(tj—l) acu
arg(t oro(t
3 = ro(f) __ ro(t) (A3)
9r0(t-1) 39,
For example, using the chain rule, w4 is given by
o — BESD dvg dA  duy 8¢
T 3D dc, ' A dc, ' oL dc,
dvg 0 v 8
Jls 9¢ | dte 0N (Ad)
dp dc,  an dc,

Symbolic manipulation programs such as Mathematica, MAC-
SYMA can be used to obtain the analytic expressions of the
previous derivatives and to write the subroutines needed for
their computation.
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